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A B S T R A C T  

Among normed linear spaces X of dimension _-> 3, finite-dimensional Hilbert 
spaces are characterized by the condition that for each convex body C in X and 
each ball B of maximum radius contained in C, B's center is a convex 
combination of points of B tq (boundary of C). Among reflexive Banach spaces 
of dimension => 3, general Hilbert spaces are characterized by a related but 
weaker condition on inscribed balls. 

Introduction 

T h r o u g h o u t  this pape r ,  X deno te s  a real  n o r m e d  l inear  space .  Fo r  a subset  Y 

of X, co Y, cl Y, int Y and  OY d e n o t e  respec t ive ly  the convex  hull,  the  c losure ,  

the in ter ior ,  and  the b o u n d a r y  of Y in X. F o r  each p > 0, 

s ~ = l x ~ x : l l x l l = p l  and n ~ = { x E X : l l x l l < p } .  

A sphere (resp.  ball) in X is a set of the form S = c + So (B = c + B e) for a poin t  

c ~ X and a n u m b e r  p > 0; these  are  the  center and radius. A sphere  S is an 

insphere (resp. circumsphere) of a set W C X  if the  ball  c o s  is con ta ined  in 

(conta ins)  W but  this is not  t rue for  any  ball  of larger  (smal ler)  radius .  A convex 

body is a set that  is b o u n d e d ,  c losed,  convex  and has n o n e m p t y  inter ior .  

If the  n o r m e d  l inear  space  X is i ncomple t e  and B is a ball  in the  c o m p l e t i o n  

that  is c e n t e r e d  at a po in t  of  ,~ - X, then  the set B t'q X is a convex  body  in X 

that  has ne i the r  insphere  nor  c i r cumsphere .  If X is reflexive then each  b o u n d e d  

subset  of X admi ts  a c i r cumsphere  (an easy  consequence  of the  weak  lower  
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semicontinuity of the norm) and each convex body admits an insphere (see [13], 

where it is also shown that convexity is necessary in this claim). However, 

circumspheres and inspheres may behave differently (with respect to convex 

bodies) in nonreflexive Banach spaces. In fact, for each bounded set in a Banach 

space X to admit a circumsphere, it is sufficient for X to be a dual space or, more 

general, for X to be constrained in X** (i.e., there exists a projection of norm 1 

from X** onto X) ([4]). On the other hand, Garkavi [6] has characterized both 

reflexivity and finite-dimensionality of X in terms of inspheres: 

X is reflexive if and only if each convex body in X admits an insphere ; 

X is finite-dimensional if and only if for each 

convex body C in X and each insphere S of C, S n aC ~ Q. 

The main purpose of the present paper is to characterize Hilbert spaces (i.e., 

complete inner product spaces) in terms of the behavior of inspheres: 

If dim X _-> 3 then X is a finite-dimensional Hilbert space if and only if for each 

convex body C in X and each insphere c + Sp of C, c E co((c + s p ) n  3C); 

if X is reflexive and dim X _-> 3 then X is a Hilbert space if and only if for each 

convex body C in X and each insphere c + Sp of C, c E cl co((c + B.) n 3C) for all 

"r>p. 
These and some slightly sharper characterizations arise from a conjecture of 

Franchetti and Papini [3], and we are indebted to H. Berens for calling our 
attention to this conjecture. 

The characterizations of Hilbert spaces are established in Section 2 after 

developing one of our main tools, the "canopy" construction, in Section 1. The 
other main tool is the Blaschke-Kakutani theorem [2] [8] characterizing Hilbert 

spaces in terms of projections of norm 1. It has also been used [5] [9] to 

characterize Hilbert spaces in terms of circumspheres. 

Section 3 contains some additional constructions related to inspheres, and 

characterizes finite-dimensionality in terms of circumspheres: 

X is finite-dimensional if and only if for each convex body C in X and each 

circumsphere S of C, S O C ~ 0 .  

1. Hoods and canopies 

In the normed linear space X, let Q be a closed halfspace whose bounding 

hyperplane OQ passes through the origin. For each 6 _-> 0, we define the hood 

H ( O , 6 )  = co[(B, n O) u (B,+~ n 00)]  
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H ( O , ~ ) i s ~  C(O,¢~)is J, ~, $ 

Fig. 1. 

+ 6  

and the canopy C(O, 3), which is the intersection of all closed halfspaces J in X 

such that J D H ( Q , 6 )  and the hyperplane  M includes a point of S~ N (int Q).  

(See Fig. 1.) When  X is reflexive but not a Hilbert  space, the canopy 

construct ion will be used in the next section to produce  a convex body in X 

whose inspheres behave badly. 

Our  use of canopies is based on Proposi t ion 1.1 and T h e o r e m  1.5 below; the 

results 1.2-1.4 are lemmas of a technical nature.  

1.1. PROPOSITION. For each 6 > 0 the intersection S~ n OC ( Q, 6) is interior to 0 
and at positive distance from OQ. Hence 

0 ~ clco(S, n ~C(Q, 6)). 

PROOF. That  s ~ n o c ( o ,  6)CintO follows from the fact that if x E  

c l ( X -  Q)  and x ~  C(Q,  6) then ]ixl]> 1 + 3. To  establish this fact, note that by 

the definit ion of C(Q, 6) there  is a point  z E S ~ N i n t Q  and a halfspace 

J D H(Q, 6) such that z E OJ and x ~ J. The  segment  [x, z [ lies in X - J, and if y 

is the point  at which this segment  intersects OQ then ]]y ] ] > 1 +  6, which with 

I[ z II -- 1 implies [I x I] > 1 + 3. 

To  comple te  the proof  of 1.1 we show that if p E S~ n OC(Q, 6) and q E OQ, 

then lip - q I I  > 6/4 if 0 <  6 < 1 (whence of course I I p - q I I  >~=4 if 6 = > 1). This is 

obvious when q = 0, so suppose q ~  0 and [ [ p -  q II =< 3/4, and let r = q/Iiq ]]. Since 

liP ]] = 1, 1 - 6/4 _-< II q ]] --< 1 + 6/4, whence ]] q - r  ]] -< 6/4 and ]] p - r ]] _-< 6/2. Since 

p ~ OC(Q,6), there  exists f E  X* such that IIf[[ = 1 and the maximum of f on 

C(0,6)  is at tained at p. But S, CC(0 ,6 )  and p E S ,  so this maximum is 1, 
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whence f[(1 + 8)r] =< 1 because (1 + 8)r C H(O, 8) C C(Q, 8). We now reach the 

contradictory conclusion that 

8 = (1 + 8 ) -  1 < f[(1 + 8)p] - f[(1 + 8)r] < I[/'t[(1 + 8)lip - r  II -< (1 + 8)8/2 < 8. 

1.2. LEMMA. A~>, ,H(Q,8 )=  H ( Q , 0 ) =  B, n O = C(Q,O)A O. 

PROOF. It is obvious that 

Q D n H(Q, 8)D H(Q,0) = B, n 0 CC(Q,0)A 0. 

Now choose q E int(B~ n O) and consider an arbitrary p ~ Q - B~. The seg- 

ment ]p,q[ intersects S~ at a point v E int O, and there is a closed halfspace 

J D S, such that v E 3J. Since p ~  J we conclude that p~ C(O,O) and hence 

C(Q,0)A O = B, n Q. Further, J admits a translate that misses p but contains 

B~.~ for some 8 >0 ,  whence p~ H(Q,8) and it follows that A ~ > . H ( O , 8 ) =  

BinO.  

1.3. LEMMA. 

and 

If the space X is reflexive then 

C(Q,8 )N  O = H(Q ,8 )  foreach8 > 0 ,  

n c (o ,8 )  = c(o,o). 

PROOF. To establish the first equality we show that p ~ O - H( Q ,8 )  implies 

p ~  C(Q, 8), i.e., there is a closed halfspace K D H( O,8 )  such that p ~  K and 3K 

supports H(O, 8) at a point of S~ n (int O). First notice that if p E 3Q ~ H(Q, 8) 
and p E C(Q,8),  then for any point x ~H(Q,8 )n ( in tQ)  the open segment 

]p,x[ lies in C(Q, 8) n (int O), and since liP II > 1 + 8 the segment contains points 

not in H(0,8). Thus it suffices to consider p E (int Q ) -  H(O,8) ,  and here it is 

obvious that 

W i t h O < h < l  and 

int 0 D ]p,O[ n 3H(Q,8)¢ 0. 

v = ,~p E ]p,0[ n 3H(Q, 8), 

let K be a dosed halfspace that contains 0 and whose bounding hyperplane 3K 

supports H(0,8)  at v. Plainly p ~  K, and if v E S~ the argument is complete. If 

v ~  S~ note that since X is reflexive the convex sets B~ n O and B~.~ n 3 0  are 
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weakly compact and hence H(Q,  6), the convex hull of their union, is closed. 

Thus the point v of i n t Q  belongs to an open segment ]s,t[ for some 

s E B, N (int Q)  and t ~ B,+~ n 00. Since aK supports H(Q,  6) at v, and s and t 

both belong to H(Q,  6), it follows that s E S, n (int O) and OK supports H(Q,  6) 

at s. We conclude that C(O, 6 )N Q = H ( 0 , 6 ) .  

For the second part of the proof, consider an arbitrary point p E X ~ C(Q,O), 

and let the closed halfspace J D B~ O Q and point v ~ St O (int O)  be such that 

p E  J and OJ supports B, n Q at v. Let w E ]p, v[ n O, whence w E O ~ H(Q,O) 

and from Lemma 1.2 and the equality of the first part it follows that w E  C(O, 6) 

for some 8 > 0 .  There is a closed halfspace K D H ( O , 6 )  such that w E  K and c~K 

supports H ( Q , 6 )  at a point of S, N (int Q). Since v E K but w E  K, the point p is 

not in K and hence not in C(Q, 6). • 

1.4. LEMMA. Suppose the sequences t,, t2 . . . . .  ~,,/x2 . . . .  and 6,, 62 .. . .  are such 

that the t, ' s are points of a reflexive space X, the i z, 's are positive numbers such that 

the sequence Ix~t,,Ix2t2 . . . .  converges weakly to a point t E X ~ {0}, and the 6,'s are 

positive numbers converging to 0 such that 

( S ~ A Q ) + t ~ c C ( Q , 6 , )  foreachi.  

Then 

(S, O Q ) + t C C ( Q , O )  and (B, N a Q ) + R t = B , + R t ,  

where Rt  is the line through the origin consisting of all multiples of t. 

PROOF. Suppose first that (S,N Q ) + t C C ( Q , O ) ,  whence by Lemma 1.3 

there exist v E S ,  O Q  and 6 > 0  such that v + t E C ( O , 6 ) .  Hence there is a 

point p E St N (int Q)  and a closed halfspace J D H(O,  6) such that p E OJ and 

v + t E  J. If f E X* and J = {x : f (x)-< 1} then f ( p )  = 1,f(v)_-< 1 and f ( t  + v ) >  1, 

whence 

f (p  + t) = f (v  + t) + f (p )  - f ( v )  > 1. 

Since p + t~ ~ C(Q, 6) we have 

0 >= f (p  + t , ) -  f ( p ) =  [f(p +/a.,t~)- f(p)l/p.,. 

But p +/z~t, converges weakly to p + t and f (p  + t) > I, so eventually the right 

side of the last equation is positive and a contradiction ensues. Thus we have 

proved 

(s, n Q)+  t c C(Q,0). 
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By changing the multipliers /z~, the point t may be replaced by an arbitrary 

positive multiple of itself, and consequently 

(t) S, n O ÷ [O,~[t c C(Q,O). 

It follows from this that t ~  Q, for t~O and C(O,O) A Q is (by Lemma 1.1) the 

bounded set B~ f3 Q. 

Up to this point, we have used the fact that OCint  B, but have not in any way 

used the fact that B~ is symmetric about O. Now, however, that fact is needed. 

Plainly 

B,+Rt D(B, f7 aO)+Rt. 

If the reverse inclusion fails there exist v E S~ and A~ 0 such that the point 

v + At does not belong to (B~ fq aO)  + Rt and consequently the entire line v + Rt 

misses the intersection BIN aO. By symmetry the same is true of - v  + 

Rt( = - v - Rt) and hence we may.assume without loss of generality that v E O. 

With tE  Q, there exists a =>0 such that v + at E aO, whence by (t)  and 1.1, 

v + at E C(Q,O) (1 c)O = B, (1 c~O, 

a contradiction completing the proof. • 

1.5. THEOREM. Suppose that X is a reflexive space with unit sphere S~, that 0 is 

a closed hal]space in X whose bounding hyperplane aQ passes through the origin, 

and that X does not admit a projection of norm 1 onto aQ. Then there exists ~ > 0 

such that S, is the unique insphere of the canopy C(Q, 6). The canopy is .finitely 

bounded, and is norm-bounded when X is finite-dimensional. 

PROOF. If S~ is the unique insphere of the canopy C(O,6) ,  then surely 

C(Q, 6) is finitely bounded (has bounded intersection with each finite- 

dimensional subspace of X). For otherwise, since C(Q, 6) is closed and convex, 

it fails to be linearly bounded and hence, with 0 ~ C(Q,6) ,  contains an entire ray 

[0,o0[p issuing from the origin. But then Ap+S,  CC(Q,  6) for each )t _->0, 

contradicting the uniqueness assertion on the insphere. 

To prove that Sj is the unique insphere, we proceed by contradiction. If the 

conclusion fails then for each i there is a sphere c~ + Sp, C C(Q, l / i)  with either 

p~ > 1 or p~ = 1 and c, ~ 0, and there is a sequence t~, t2 . . . .  in X - {0} such that 

t, ÷ S. C C(Q, 1/i) for each i. Let u, = t,/U ti II. Since the unit ball B, is sequentially 

compact we may assume (passing to a subsequence if necessary) the sequence 

u.,u2,. . ,  converges weakly to a point t EBb. If t ~ 0  and if P denotes the 

projection of X onto aQ whose kernel is the line Rt, then Lemma 1.4's equation 
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((B,N 0 0 ) + R t  = B I + R t )  amounts to saying that PB, = B. N OO and hence 

IIP II = 1. This contradicts the assumption on aO and hence completes the proof 

if we can show t~  (I. 

Suppose that t =[) and let g ~ S,(X*) be such that O = {x ~ X:g(x)=>0}.  

Then as i ~ ,  dist(u, ,00) = Ig(u,)[-->0, whence dist(u~,S. N OO)--*0 and 

dist(u~, Sv~ N a O ) - ~ .  

Let the point w • Sv2 G O and the integer k > 2 be such that 1I Uk -- W II < ~, and 
let z be a point of X - C(O, ~2) such that II z - w II < ~ (such a z must exist because 

Lemma 1.3 implies w ~ 3C(O,~2)). Then a closed halfspace J must exist such that 

J D C(O,~), M supports C(O,~) at a point of S, n (int O), and z ~ J. Obviously 

dist(w, a J)  _-< II z - w It < I. 

With f ~  S t (X* )  such that J = {x E X:f(x)<= 1}, this inequality implies 

f(w)>~. 

On the other hand, since C(O, 1/k)CC(O, 1/2) we have 

1 - f(tk ) = dist(t~, O J) >= dist(t~, aC(0,½)) >= dist(tk, OC(O, 1/k)) >- 1, 

whence f(tk ) <= 0 and f(uk ) <= O. This leads to the contradictory conclusion that 

< f C w ) -  f(u~) ~ Ilfll II w - u~ 11 < ~. 

2. Hilberl spaces characlerized by nice behavior of inspheres 

The theorems below show that, as was suggested by Franchetti and Papini [3, 

p. 84], Hilbert spaces are characterized except in the two-dimensional case by 

the nice behavior of inspheres. The exception is familiar from the 

Blaschke-Kakutani characterization. 

2.1. THEOREM. The following four conditions are equivalent for each normed 
linear space X of dimension >= 3 with unit sphere St and unit ball B~: 

(i) X is a finite-dimensional Hilbert space; 

(ii) dim X < oo and for each set W in X of which S~ is an insphere, 

0 ~ intco(B,, ~ W) forallp > 1; 

(iii) for each set W in X of which S~ is an insphere, 0 E co(St N OW); 

(iv) for each convex body C in X of which St is the unique insphere, 
0 E cl co(S~ n OC). 

This theorem will be proved along with the following. 
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2.2. THEOREM. The following four conditions are equivalent for each reflexive 

space X of dimension > 3 with unit sphere St and unit ball Bt: 
(i) X is a Hilbert space; 

(ii) for each closed set W in X of which $1 is an insphere, 

0 E intco(Bp ~ W) forallp > 1; 

(iii) for each set W in X of which St is an insphere, 

0 E clco(Bp O OW) forallp > 1; 

(iv) for each convex body C in X of which S, is the unique insphere, 

0 E cl co(Bp n aC) for all p > 1. 

PROOF OF 2.1 AND 2.2. Plainly (iii) implies (iv) in both cases, and canopies are 

used at the end of the argument to show (iv) implies (i) in both cases. The rest of 

the proof consists of showing that (i) implies (ii) in both cases, (ii) implies (iii) in 

2.1, (ii) implies (iii) for closed W in 2.2 (so (iv) is implied), and (i) implies (iii) for 

arbitrary W in 2.2. 

We will use the following simple fact: 

(F) If Q is a closed halfspace in a Hilbert space, and Q's  bounding hyperplane 

OQ contains the origin, then for each p > 1 the set (Bln Q) U (Bp - Q) contains 

a bali of radius (1 + p2)/(2p). 

(i) ~ (ii) Let Y = Bp - W and note that in the case of 2.2 it follows from the 

closedness of W that int Y #  0 .  (This fact is not needed in 2.1.) If (ii) does not 

hold then by standard separation theorems there is a closed halfspace Q D Y 

with 0 E aQ. From Y C Q it follows that Bp - Q c W and hence, since Bt C W, 

that 

(Bt n O ) U  (B~ - O)C w. 

It then follows with the aid of (F) that S, is not an insphere of W. 

(ii) ~ (iii) in 2.1. Assume that dim X = d and St is an insphere of W. For each 

positive integer n it follows from condition (ii) and Carath6odory's theorem that 

there are points 

yo(n) . . . . .  Yd (n) E B l÷,, -- W 

such that 0 E co{yo(n) . . . . .  yd(n)}. Since B2 is compact we may assume without 

loss of generality that for each i F { 0  . . . . .  d}, the sequence y~(1),y~(2) . . . .  con- 

verges to a point z~ of B2. It is clear that 0Eco{zo . . . . .  zu} and that each z~ 

belongs to S~, hence to W, and thus, as the limit of a sequence in X - W, to aW. 
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(i) f f  (iii) in 2.2, and (ii) f f  (iii) for closed W in 2.2. Suppose there exists p > 1 

such that 0 ~ c l c o ( B ,  N aW).  Then there is a closed halfspace O such that 

0G 0 0  and the set Bp n a w  is contained in a translate P of O that is interior to 

O. But then OW misses the set B , -  P, which is connected and intersects B,. 

With B~ C W, it follows that B p -  P C W. This contradicts the conclusion of 

2.2 (ii) when W is closed, and it contradicts 2.2 (i) for an arbitrary W since it 

implies 

(BI n O) U (B. ~ O ) C  W 

and then (F) is applicable. 

(iv) f f  (i). If (i) fails, there is a closed halfspace O in X such that 0 @ c90 and X 

does not admit a projection of norm 1 onto 00. By Theorem 1.5, there exists 

8 > 0  such that S~ is the unique insphere of the canopy C ( 0 , 6 )  and, by 

Proposition 1.1, 0 ~ cl co(S~ N C(O, 8)). 

Under the hypothesis 2.1(iv), X is finite-dimensional, for Garkavi [5] shows 

that each infinite-dimensional normed linear space contains a centrally symmet- 

ric convex body C such that S~ is the unique insphere of C and yet S, misses aC. 

Since dim X < ~, the set C(O, 8) is bounded (by 1.5) and 2.1(iv) is contradicted. 

Under the hypothesis 2.2(iv), consider the convex body 

K = C ( Q , 6 )  n B: 

which has S~ as its unique insphere. We claim that 

0 ~ cl co(B,+~,3 n OK) 

so that 2.2(iv) is contradicted. If our claim is false, the set 

B,+,/3 n OK = B,+,/3 n OC(O, 6) 

contains a sequence x, ,x2, . . ,  of points such that as i~oo ,  dist(x~,dO)~0. For 

each i, the argument used in the first part of the proof of Proposition 1.1 yields 

x~ ~ int O, so x~ ~ OH(O,6) by Lemma 1.3. Hence, in view of Proposition 1.1, 

x~ E St for each i, whence there are points w, E $1+, n 0 0  and y~ E S~ n aK such 

that x, E ] w~, y, [. Since 

supll w~ - y, II < ~ and liminf II w, - x, II > 8/3, 
i 

this implies dist(y,, a O ) ~  0, contradicting Proposition 1.1. • 
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3. Additional remarks, results and constructions 

The various portions of this section (separated by *****) are unrelated to each 

other, but all are concerned with inspheres or circumspheres. We note first that 

in condition (ii) of 2.2, the requirement that W is closed may be replaced without 

change of argument by the requirement that W is convex, but not by the 

requirement that W is the union of two convex sets. For let X be an arbitrary 

infinite-dimensional normed linear space, let f be a discontinuous linear 

functional on X, and for each real A let 

w~ : B, u { x  ~ x : f ( x ) =  > A}. 

Then S~ is the unique insphere of W~, but for each p > 1 the origin is not interior 

to the set co(Bo - W~), and when A < 0 the origin does not even belong to this 

set. 

The property of reflexivity is characterized in terms of inspheres by the second 

result of Garkavi [6], and this combines with Theorem 2.2 to characterize Hilbert 

spaces in terms of inspheres, assuming only dim X _-> 3. However,  we do not 

know whether, without assuming reflexivity, conditions (ii)-(iv) imply condition 

(i) in 2.2. It might be possible to approach this question with the aid of the 

theorem of Amir and Franchetti [1] (called to our attention by P. L. Papini) that 

characterizes Hilbert spaces for (dim X _-> 3) as those which admit projections of 

norm arbitrarily close to 1 onto each closed hyperplane through the origin. 

In this portion we assume X is an infinite-dimensional Banach space. As was 

mentioned earlier, Garkavi [6] shows that X contains a convex body C such that 

C = - C  and S~ is the unique insphere of C, but S N 0C = 0 .  He gives two 

contructions, one for reflexive and one for nonreflexive spaces. Here we describe 

a single construction which assumes only that X has a separable infinite- 

dimensional closed linear subspace L with a quasicomplement M ; that is, M is a 

closed linear subspace such that L A M = {0} and L + M is dense in X. It is 

known that such a pair (L ,M)  exists for any closed separable L if X itself is 

separable (Murray [12], Mackey [11]) or reflexive (Lindenstrauss [10]) and in 

many other cases (Rosenthal [14]), and it is believed that such a pair always 

exists. This is equivalent [14, p. 188] to requiring that there is a bounded linear 

transformation from X onto a separable infinite-dimensional space. 
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Let x~,x2 .... be a sequence that is dense in S, NL,  let x ,  = -x~ 

i = 1,2 . . . . .  and let 

K = clco{2 "Ix, ' i  = -+ 1, -+2 . . . .  }. 

for 

Then K is compact and convex, and the subspace RK is dense in L. Let 

C = cl(B, + K + B~ O M), a convex body with C = - C. We claim that S~ misses 

OC and that So,g_ C for each p > 1. 

Suppose there exists a point p E S~ O (OC), whence p lies on a hyperplane that 

supports both B, and C and thus there exists f ¢ X* such that 

1 = [[fll = liP II = f (p)  = sup fC. 

In particular, for each k ~ K and q E Bc N M it is true that 

f(p + k + q)<= f(p), 

whence f (k  +q)<=O. Since K and B~ N M are both symmetric about 0, this 

implies that fR is identically 0 on K, hence on RK and (by density) on L ; also, f 

is identically 0 on B~ N M and hence on M. But then f is identically 0 on L + M 

and hence by density on X. This contradiction implies that S~ misses OC. 

Now note that for n = 1,2 . . . .  there exists f. E X* with Ill. II = 1 and 

f ( M  + Rx, + . . .  + Rx,)  = {0}. 

If SpCC for some p > l  then for each n there exists y , @ C  such that 

fo (y,)  > (1 + p)/2 and hence there exist b° (E B~, k, E K and m,, E B~ N M such 

that 

f ,(b, + k, + m,,)> (1 + p)/2. 

However,  f, (b°) =< 1, f,  (m,)  = 0, and 

f , ( k , ) ~ 2  ~ 2 r~ l<(p-1) /2  
i = n + l  

for all sufficiently large n, and the contradiction completes the proof that Sp,C C 
for each p > 1. 

As was mentioned earlier, circumspheres have been used to characterize 

Hilbert spaces [5] [9]. We close by using them to characterize finite- 

dimensionality. 
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3.1. THEOREM. A normed linear space X is finite-dimensional if and only if 

for each convex body C in X and each circumsphere S of C, S intersects C. 

PROOF. The "only if" part is obvious. For the "if" part, in the case of 

reflexive X the claim was proved by Garkavi [6, th. 5] (there is an obvious 

misprint in the definition of the set T in his proof), who used it to deduce the 

analogous result about inspheres by means of polarity techniques. Hence we 

have to study only the case of nonreflexive X. 

If X is nonreflexive, by a classical theorem of James [7] there exists f E S1(X*) 

not attaining its norm. Let {y,}~ C S, be such that f ( y , ) =  1 - 1 / n ,  n = 1,2 . . . . .  

Let e,, = ( 1 -  1/n)y, and consider the two following subcases: 

(i) diam{e,}~=2; 

(ii) diam{e,}7 = 8 < 2. 

In case (i), set 

C = cl co(B,/2 U {e,}7). 

Since diam C = 2  and C CB~, S, is a circumsphere of C. We claim that 

C n S~ = 0 .  Suppose, on the contrary, that there exists x E C n S,. Let x,,x2 .. . .  

be a sequence converging to x, where for each i it is true that 

obi ~ iej Xi = h i + h i 
i=t 

with 

b, E B,,2. AI--> 0 for all.h 2., a i =  1. 

Since IIx, II--,1, we must have, for any fixed j =>0, A~--*0 when i--.,oo. Hence 

X ,',f(b, = A ~f(e,) f (x , )  )+  ' 
l=l 

= A'of(b,)+ ~ A~(1 - I/j)~---* 1 when i---*~ 
j=l 

(indeed vko~ i_  .-,i=0Ai-1 implies k(i)---.oo when i.--,oo) which is absurd because 

f ( x ) <  1. 

In case (ii), set 

C = cl co({ - e,}7 U B,n U {e,}7). 

Since diam C = 2 and C C Bt, $1 is a circumsphere of C. Also in this case we 

claim that C O S~ = 0 .  For suppose there exists x E C N $1. Let xi---* x, where 

x, ~E co({ - e.}7 U B,/= O {e.}7) = co(co{ - e.}7 O B,/ :  O co{e. }•). 
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and hence for each i it is true that 

with 

Xi = Otiai +/3ib~ + Tic,  

a, ~ co{ - e.}7, b, E B,/2. c, E co{e.}7. 

a,,/3, 3'~ >= O, a~ +/3, + ",/~ = 1. 

< !  I For infinitely many indices i we must have a~ = 2 or 3'~ --< ~. Let, for example, 

a~_-<½ for infinitely many indices i. Since [[xill~l,  we must have /3 ,~0.  

Moreover 

inf a~ > O, 

for if not then 

dist(x~, cl co{e. }7) --< inf ]1 x, - y,c, II <= inf (a~ +/3i) = 0 

which would imply x Eclco{e.}7 which is absurd because the argument in 

subcase (i) shows that clco{e.}7 n S~ = O (in fact in subcase (i) we used the fact 

that diam{e.}7 = 2 only to prove that S~ was a circumsphere of C). Now we have, 

when i goes to infinity, 

IIx, I1~/3, + ,~, Ila, + c, II+ I~', - a, I---- ~ ,  + 11-2a ,  1+ o(1). 

Then, if a~ = 1/2 for infinitely many i, the fact 8 < 2 leads immediately to an 

absurdity, while if ct, < ½ for infinitely many i, then 

IIx, l[ < 1 + c~,(8 - 2 ) + o ( 1 )  

for such i, which is a contradiction because infia~ >0 .  The proof is now 
complete. • 

Maybe it would be possible to obtain 3.1 (also for nonreflexive X) from the 

analogous result on inspheres. In fact, let S~ be the unique insphere of the 

centrally symmetric body C and let the transformation T:X---> X map each line 

through the origin linearly onto itself, and c~C onto Sj; it's easy to see that 

dist(Sj, T(Sl)) = 0 but S~ n T(S~) = 0 .  Nevertheless, T(SI) may be not convex, 

and it seems hard to evaluate what happens in dealing with clco T(S~). 

Finally, we mention that, although polarity techniques would naturally seem 

to be applicable, we have been unable to use them to (a) deduce Theorem 3.1 in 

the nonreflexive case from Garkavi's characterization [6] of finite-dimensionality 

in terms of inspheres; (b) pass back and forth between our present character- 

ization of Hilbert spaces in terms of inspheres and the previous characterizations 

[5] [9] in terms of circumspheres. 
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